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is given by 

relative to that of the zsectrons. In the ionosphere we ervect 

more than one ionic species, so .tka-> it is of intezes-l to detea-5:r.E.E 

multiple ion ~pecies. ??his inkerest has Led to examination of 

cutoff for propagation transverse to the static xagsretic fiere 
-1- 



transverse ts the s t a t i c  rnagnetic f i e l d  a l  a frecpmncy between 

the two ionic gyrofrequencies./ GPntsburg [lS63], considering 
Y e i n e a o  [ lgfj21 and 

~Q~EIu I~~  describing propagation characteristics in a rnn~J.2ip2.e 

coapnent pllasza, We Beduse t h a t  the addition of each ioaic  

i 
! 

s,p?cies beyond the Zirst htrduces ~ Z Q  additional resonances, 

a cutoff, and a cxossover freqilency. Tns c~ossmer frequency, 

i n i t i a l l y  named for a frequency at which three limiting modes 

have Yne sa= phase vcloci.ty, is &own a l s o  to result i 1 3  a 

change of mdes f o r  w a v e 6  propagatin2 in a s l o w l y  varying mcdina. 

Interest incj  features of pxqagat icn aris ing fron; the presence 

of mult iple  ion species are i l lustrated graphically. 

In the derivatim. below, we consider small  s ignal  sinu- 

soidal  plane waves in a uniform cold p l a s m  containing a static 

magnetic f i e ld .  F s r  comp3eteness, the derivation is staxted 

fro= 8fazmePl's equations and YEZZ mrenta 2orce Saw. ~rianr. 

Piaxwell ' s equations 

-2- 
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12 the plasma contains r a q  different  species of chsxged 

particles, the tot21 cu,Psent is, of COWSE?, the SUB of the 

currents arisizg from each sf the species. 

coozdinate systerrr with a s t a t i c  magnetic field B in the z 

direct ion the velocities for a give . .  particle species with 

In a rectangular 

charge y and RSSS inr are faun6 Exsm the Losrentz farce Paw 
2: 

The effect of c o l l i s i o n s  way -be .ce&iPy included in the 

proportional to velocity.  Then tbe le5.t ha26 side of 

equation ( 6 )  becomes 
-3- 



and sirnilar3.y Eor the  other t w o  eqzatisns. Tnus the efLGeet 05 

SO that, for example, 

vx + i V" 
V I  = + 

i ilu p: vel = q, i vmS B) 

These eqwtions nra57 be collectively wri t ten  as 
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c 

th 
where p = (-I.$ 0, +I). m e  current Jpr due to tile r-- 

m u ,  r 

to the wave frequency, with the sign of Y, being the same as - 
the sign of the 

is then the sum 

we obtain using 

Equation (20) gives  the zefrzctive indices foz the three 

"principal" modes of propagatior- irt  the plasma, the right (+a> 

and the left  (-1) circularly polarized longitudinal modes and 

the transverse plasma znode (0). The terms Longitudinal and 

transverse refer here to the direction o€ propagation with 

respect to the s t a t i c  magnetic field. 
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k2ithocik loss OS gene ra l i t y ,  may assume t h a t  the 

propga t ion  vector ii lies in the x - t plane,  making an 

so that  

The relative dielectric a m s t c a n t ,  E in t:iaese equaticns 

must be interpreted 8s 3 t e n ~ o r .  This coxplicaticn is obviaked 

by the use OS polarized coordinztes. 

of equation (22) are given by 

Tie polarized components 

( p  = -1, 

From this equation we obtain 

-k 2 k - E  
P c2k2 - w 2 2  up P E = C  

and W (the phase veloc i ty)  = w/fklo 

equation (24) becomes 

It is seen that when the drEvergeTrce 
- 

of E is zero (E E = 01, 



. '  
1 .  

- 
1 

. .- 

Let us now cordsider t h e  surrmation 

A 

= kx Ex t 

Hultiplying both sides of 

over pr we find 

A h 

k_ E 4- kz EZ @?i Y Y  

(23) 

A 
and sua,Piny -p 

equation (25) by k 

- -  
Assuming that k - E is non-zem, we obtain 

For t he  orientation of the axes thosen, 

A A A 

kx = s i n  0; k = 0; k, = cos 9 Y 

Equation (30) then becomes 
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which may be rewritten as 

. Introducing the q;iarr?tity 

we obtain 

It is see= that for zero angle of propagatLon, the two 
, 

nodes are the +P and -1 principal mdes. 

we obtain the 0 prir-cipal =ode and eke transverse extsaordineq 

(e )  mode. For the e - m d e ,  'zhe square of the phrtse velocity 

is the average of the squares of the ghase velocities 02 the 

t w o  longitudinal (+1 and -1) modes. 

for the l i m i t i z q  ar-gles of' 

the limiting mdea. 

For ninety decpees, 

These fear modes obtained 

Oo aiid 9Ga will be reEerred to aa 

 or any arbitrary direction of propagation the phase 



. .  . .  

- .  

For the  +I principal node, the polarization is right 

circular; for the -3. mcde, LeZt circular; and for the 0 wde, 

linear, Further, it is seen f r o m  e ~ g ~ i t i o n  (25) that for these 

principal modes there is EO C Q E I ~ C E I ~ ~ ~  of electric field in the 

wave normal direction. For W # I? the ratios of the :c-f 

electric d i d d s  are obtained from ecpation (25) as 
P’ 

The four values of i n t e r e s t  are the c6mpOnents E, and E 

together with 

and Ew, the compoaent in the wave front and the x-z plana, 

wkrese 

Y 
En, the component in the wave normal directisn, 

En = EZ cos e i E X sin e (331 
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Ir, diseussiq the magnituudes of the field csmpanen-ts 02 

the  wave, it is cozvlenicnt to use as a standard the Eields 

obtziined xith the same Poyretirag 2lzrx for propagation i _ r l  free 

space, 

electric f i e l d  in the wave f ront ,  

space value, Efs, is given by 

For linear or c i r c u l a r  gskir izat ion,  the ratio sf w a 7 e  

ko the equivalent free Ew, 

while 5ox: the mgnetic f i e l d  of the wave, 

GROUP rnzmema IHDICES 

In order to obtain the group refractive indices,  we 

exanisle initially the principal modes, then the tramverse 

extraordinary mode, and finally the modes for arbitrary angles. 

%e group refractive index p may be obtained f r o m  g 

Using equation (201, we obtain 

For the transverse extraordinary mode, w e  obtain from eqtaation (35) 

-10- 
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(45) 

(47) 

Examination of equations ("r'i) and (47) shows thak the 

product of the refractive index and group refractive index is 

very simply computed for  the  limiting aedes. since ecpa t i en  

(20) gives the value of p a  rather than 9, factors oc p 

in equation (47) have iteliberataly fiat h e n  cancelled. 

The formufa for calculating the group refractive index 

€or arbitrary directions of propagation is obtained by differ- 

entiating equation (37) w i t h  respect to w ar,d muktiplyhg 

by w/2, as before, and then adding kdice the le€t and right 

hand si8es of equation (37).  phis pzscess yields t b  somewhat 

kngthy but zsaasftably ayrame-trica'i form 

-11- 
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= o  

In what follows, tha i e r m  r a r e ~ ~ ~ z n c e "  w i l l  be used! to des- 

cribe frequencies at which t'ne rer'rac'zive index is i n f i n i t e  (zero 

phs5e velocity) znd the term tDeutoff'' for frequencies at which 

the refractive index is zero ( i n f i n i t e  phase velocity). From 

equation (20) it i o  apparent that for the grincipzil .mdes the 

resonance frequencies are tbose for w h i c h  

rerr;.enibering that Y is pcsitive Ear posi t ive ly  charged spsclss 

and negative :or negatively charged species. 

circularly polarized waves, a resonacce is R OUR^! at the gyro- 

Erequency of each of the positively charged constituents; for 

r ight  (-1-1) circularly polarized waves the resonances occur at 

the gyrofrequencies of tine negatively charged constituents. 

is readily apparent that fox the plasma mde (p = 0) there are 

no resonances. 

r 
Thus %or left (-L) 

It 

-12- 



= 1  xx 
a r 1 - H  r 

c 

For a resonance, we require u0 = 0. ~ F s  condition is r ead i ly  

found kQ be 

provided Z Xv is not equal $0 1. 
r c  

For cutoff frequencies we require zero refractive irtdex, 

so that for khe pri~c ipal  modes 

-13- 



~sarn equation (36) ,  it is apparent that a cutoff frequency 

(ingirrite phase velocity)  for either the  +I or -1 modes is also  

a cutoff for the transvexse extraordinary ~nsde. Further, from 

consideration of equation (37 ) ,  it may be seen that a cutoff 

frequency for any of the l imiting modes w i l l  a lso he a ciitoff 

fox one of the characteristic modes for a l l  angles. 

It is oE interest to esmider the g d a r i z a t i o n  of xaves 

st frequencies x a r  cutcrff and X ~ S Q I I E ~ ~ C ~  frequencies. St is 

ssen € m a  equations (41) and (42) that  cutoffs are characterized 

ky  Large electric f i e l d s  in che wav2lFront. Puzt'izar, or' the Eour  

limiting erodes, only the transverse exkraordinary nodes m y  have 

a component of wave electric f i e l d  in the direction of propagaticn, 

For this mode it may be sh0-a S Z Q ~  ecpations (38)  acd ( 3 9 )  t h a t  

EZ = 0 

At a cutoff for the transverse extrzordinary mcde, eit"n..ss 

W13 or WmIa tends to*ard i n f i k t y  so that the mgnitudes of 

E, and E become equal. Thus the electric f i e l d  of the wave Y 
is circ3lar1y pIL-3Iiz??d arrd C Q z s i s t s  -,f 9Ge 52pr rer r t  kx &he 

wave norma1 direction, while the other lies in the wavefrsmt and 

is ,perpendicular to the e t a t i c  magnetic f ie ld .  The magxzetie f i e l d  
-14- 
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?y 2 2  0 ( 5 9 )  

and using equatior,s ( 3 6 )  and (571, it is seen that  

the large electr ic  Eiehd CCXE~XIESI~ irt the direction of propagation. 

Resonances far k h i s  ease axe termed ”electrostatic, 

PROPAGATIUE WITa IaJIJTIPW f O N  SPECIES 

As an illustxation OS the formalee derived above, their  

application to a plasma conta.ining electrons and multiple 

positive ionic species is considered. Fox frequencies of khe 

srdes 02 05 greater than tbe electron gyrofrequency, fan efr’acts 

on propagation are extresne9-2 small .  

our s’ctenticbn QZ Esquencies which are considerably less than 

We will therefore concentrate 



I . .  
1 
I -  

~ziless the electron plasm frequency is wch less than the 

electron g y r ~ f r c ~ e n ~ y ,  the plasma (0) mode will IE a xion- 

propagating xmde €or the frequencies of interest .  It is  shorn 

b e l o w  that for izrediula and high d e ~ s i t y  plaems most of the 

frequencies of interest are independent of the electron plasma 

To illustrate propagation characteristics, the refraceive 

index cr ?base velocity, or the squares cf these quantities, 

may 'be used. 

f, 361, we hrtve ~ I O S E ~ ,  for the nost part, to plot phase velocity 

Because 05 the  re la t ionship  given by equation 

squared as a function or" X, for khe +1 or rigkt c ircu lax2-  

polarized wave ( R ) ,  for the -I or left circularly polarized 

wave (L), and fox the transverse extraordinary mode (e). FOK 

a31 of these figuaes a ratio of electron gyrofzeyuency to elec- 

tron plasma frequency of 0.4 was used. A 1 1  ions were assu~zd 

singly charged. 

Figures la, ib, and IC sho-d the phase velocity scjua~e2 

as a function of X for plasmas containing only one i on  

-16- 
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and the lower hybrid resonance for the e-mock,  the former 

resonance being electxonagretic and the latter electsostatic, 

The two-ion case shows many new features, a eUtohGE for  khe e 

and L modes and an additional resonance for the e mode ant3 

ore ZGP khe >mode, and a frcquewy zt w h i c h  the phase -~elcsc:lP;ics 

for the R, It, and e anodes are all eqt?.al, *T%e additionzl resonance 

frefqJency for m e  L-sod@ is, OE course, tile gyrc4reqzleccy sf  the 

second ion. Pox reasons thak wiLl become apparent Later, the 

t e r m  “lower hybrid resonance” will be used €os the ne’s mode 

rssonanee frequency which is akisve the highest i o n  gyrofreq-iency 

arid below the e l e c t r ~ n  gyrofrequency, i .e.> the highest e-mode 

resonance shown in F i g u e s  la through Lc. The existence of 

an additional xesonmce for t h e  e-zmde, as seen in Figilre 2.b3 

was noted by Buckrsbaum f196oj. This  lawex frequency e-r ide 

Z ~ S O R ~ R C ~  w i l l  be referred to as +,he “ t w o - i ~ f i  resonance.” 

Similarly, the cutoff shown in F i g u r e  Lb w i l l  be cal led 

the “two-ion cutoff,” The frequency at which the R, L, and 

e-modes have the same phase velocity w i l l  be called *be 

“crossover frequency. H 

The rxw features found when a secund ion is added are 

repeated with the addition of a third ion (Figure IC) and f r o m  

Figures la through Lc, the gexxxal  pattern obtained €OX four or 

-17- 



w i l l  introtailce features s ir i lar:  'is those sh'no:Jr, 

for the &mode in Figuses lb and IC. 

- PE3-SE VELOCITY S W A C E S  

For consideration of propagation at arbitrary wave nor~.i;al 

angles, it is convenient to use phase uelocity surfaces, i . ~ . ,  

polar plot5 sf khe pkasc velocity as a function of "3-e ar:gh 

fron the s t a t i c  magnetic f ie ld  to the wave normal dixec'cion, 

me phase veioeiky may %e obtained f r o m  ecpatior? (37), which 

Fay a l so  be written iri the form 

me term contained within the radical sign of equation 

(62) is posit ive defini.te,and is zero between Oo and goo o ~ l y  

if a l l  four limiting =odes have tha same phise velocity, 

Neglecting this circumstance, the raGical is zero only for 

e = OO and W~ = W-, , or 8 = goo and w0 = we. 
other than possibly Oo or 900, one mode always has greater 

PO.- any angj-e 

phase velocity than the other, the former being c a l l e d  the 

fast mode and the Patter the s l o w  mode, It is apparent then 

-18- 



tkiz..", as tfie direction of propagation is varied, the fast mode 

for l o n ~ i t ~ ~ d i n a f  propa~akfon is always transforasd "CG the f a s t  

m d e  for. transverse p z o y g a t h n ,  and s i m i l a r l y  for the siow 

rr.06e. From t h s  z h v e  discussisn, the general nature of the 

phase velecihcy s u ' t ' f a c ~ ~  rmy be deduced from the phase velocities 

or" the four limiting nrerdes. 

In Fignres 3.a through IC the square of the velocity of 

the 0-ncde is not s h ~ ~ m ,  but  it is small and negative. Thus 

for ths frequencies acr; p C 3 E & f - z S  @fiesen a maxinurn nu&er cE 

three of t h e  f k i i k i n g  nodes r sy  Smpagatc. 

seen that &ea mul t ip l e  ions are iiitx&uced, the 2i'ast mode in 

the i ~ ~ g i t u d i n a ! .  direetioia m y  be either tke right or lef t  

cirmlariy polarized m o c k s .  

~ x o z i  Figure I.> it is 

Figures 2a and 233 show phase velocity surfaces for 

grequencies s l ight ly  below and sl ightly above a crossover 

frequency where three of the 1Fmitfng mdes propagate. 

fast node for Isrqgitudinal propagation is Left circularly 

-polarized in Figure 2a and right  circnlarly polarized in 

Figure 2b. Figures 2c and 2C oknow pP..ase velocity surfaces for 

frequencies at which twcr and one l ,hit iag mdes, respectively, 

may propagate. 

%%e 

".E CROSSOVEXZ BmQUENCY 

Fron exanination of Pi(mrcs 2 a  and&: it is tlpparent t ' r tet 

at the C ~ O S S O V ~ T  frequency, propagation is izotropic for t h e  

f a s t  node and the phase ve loc i ty  fcllcws apprcximately a uos i rAe 

l a w  for t h e  siw mode. These t w o  featares are found for Aifven 
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prGpaJatiSn When the frequency tends towesd z[?r'o 

on A l f v c n  propagation are usua l ly  d i 2 f i s d . t  to perform, sipce 

coH.isions m u s t  be exceedlsg3.y infreqilent ~ Emever, this 

di f f i cu l ty  may be overcoEe by usirrg plasBas mnksining  two 

ox more ion species arid propagating at z C X C O S R O V ~ X  frequency, 

Experinencs 

Also, from Figures 2a and 2& w e  ray anticipate that if 

the c:~ossover frequency m v e s  through the w a v e  frequency, the 

wave ,rrolarizatiion will c h a n ~ e  r'ram predominately rigkt circular. 

to predominstely left c ircular ,  This point is aLso illcscrate6 

i n  Figure 3, where the phase V ~ L G C ~ ~ S ~  sqwxed is plotted as a 

function of x f -  €/E,) f ~ r  several wave ncmmI angles fur a 

plasaa cuntaining 80$ hydrogen ions and 20;$ oxygen ions. ~t 

is seen that fox a l l  angles the Zast mode passes through rlkc 

cross-over point and t h a t  the s lopof  these c ~ r v e s  is t h r 3    am^ 

for aZ.1 angles other than 2er3. 

velocity for the f a s t  aode for X I U A - Z ~ ~ O  angle w i l l  be indepndenk 

of a n g l e .  

it m y  be deduced that b9th the fast and slow waves are l k e a r l y  

polarized a t  the crossover frequency for a l l  wave normal angles 

other than zero. 

.B 

We may c?educa t k a t  the yrcap  

Prom the fsrzulatiun of ,oolarization givcn & w e  



. .  . -  

Frequencies of in te res t  here are always less khan t-he ge~zetric 

aean of ePec-Lnn and i o n  ogyrofs-cquencies, so that 

and fQa 1> f gE. usektbness sf kheae appraximatiscs W L ~ L  

be seen in the next section. 

fE* F.’ f”, 
* . a  

As was  discussed above, no essentially rrew features are 

added when a third ion? species is introduced, ss t h a t  it is 

instructive to derive mare specific formulae for the frequencies 

of interest for a mderateiy dense plasm containing elcctronc 

(e) and two ion species (3.1 2nd i2). For this ease, the l o w e r  

hybrid resonance faceqrenq is fcrtlnd from equation (52 , 

Since the lower hybrid resonance (for one ion species) 

is of the order of the ion plasma frequency or the gecmetric 

mean gyrofrequency, whichever is the less, we may assme 20s: 

a plasma at least moderately dense that 

ye” >> 1; Yi” << 1 

and equation (63) becomes 

Ye” + xe = (xs-:l + x;J Ye a -- IL - 
If we define k as the fraction of the pos i t i ve  ion chargc 

j 
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of the electron, then 

where fr is the bowex hybnid zesorance frequency. 

equation (67)  was dez-ived for t w o  ions, iP: i s  equelly val id  

Eor any numbex: a€ ionic species. 

The t.w~-fon resonance frequency is always intermediate 

between the b.m ionic gyrofreqwilcies, as is the two-ion 

cutoff frequency and tkis  CT~SSOVCT frequency To determine 

&he two-ion gesop,ance frequezicy, equation ( 5 3 )  is writ ten  

y "  - & a  e 

€or frequencies of the order of &he ion gyrsfrecl,rrenci.es 
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A, til, A, 

from which we obtain t he  twa-ion resonance frequency 

and for a plasma at; Peast rmderakely dense, we obtain 

we obtain for the two-ion cutoff frequexy 

c73j  

The crossover frequency €cr is obtained from 

-23- 
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y . 2 - 1  3.3 

Ye" - M:" Ye2 - b2 

so that 

TI should be noted that the lower hybrid resonance 

frequency is iatieperzdemt OE e k c t r ~ n  density only for dense 

plasmas. The m-cdtiple-icrn cutoff and resonance frequencies 

are independent of density fcr plasmas w h i c h  are at least: 

moderately dense, vhile the crossover frequencies are corapl.etely 

independent of density.  

As an example 02 the application of thc formulae derive6 

above r'or the two-ion resmance, cutoff sr,d C T O E ~ Q V ~ T  frequencies, 

consider a plasma with twenty percent oxygen atoms and eighty 

percent protons, w i t h  an electron plasma frequency of 400 kib- 

cycles and an electron gyrofrequency of cane megacycle, 

Then the lower hybrid resonance frequency obtained from 

equation (67 )  is  7.83 ki locycles ,  ais6 the ' w o - ~ Q ~  resonance 

frequency is Esund f r o m  equation (71) to be 75.8 cycles. 

two-ion c u t o f f  :zxquxxy of 136.5 cycles is obtained f r o m  

equation (74;) azd the cr~ssover frequency of 246 cycles 2 r c ~  

The 

equation (78). -24- 
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A n~rcder of the featuras cf propagation i r r  a tmItico!qonent 

plasma are stls:-marized in Figure 4, Figz l r e~  4a 2nd i\b S?&W t k e  

group velocity and phase velociky tis a fc3rsct.i~~ of normalized 

frequency. In Piguse 4c a r e  s k e t c ~ ~ ~  phase ve locii:y surfaces 

(not to s c a l e )  for frequencies indicated. There sre a suf f i c i ent  

number of surfaces S ~ Q W  to indicate the generzl natzre of pxopa- 

gation in the frequency sange where ions are important. Tkrc 

ion Constituents ape assumed to Ix 80$ Pzydrcqen and 2% oxygen. 

%e ion gycoErcquencies are  at a normalized frequency of about 

3.41 x and 5.46 x TIIF! two-ion resonance occurs ztt 

7.83 x lo'3. 

crossover at 2.4.6 x 10 . 
known fac t  that the group velocity is zero whenever fhe phase 

ve loc i ty  is either zero or inf in i te .  

Tne two-ion cutoff occuzs at i.36 Y: and 
-4 ~ k e  f i g u r e  axso illustrates the  we;^. 

It has been shmm above t h a t  the nurrbcr o f  multiple-ion 

resonance frequencies, the nuder of multiple-ion cartoff 

frequencies, and the number of crossover €reper-cies are each 

one less than the number of ionic  species. Also ,  'or p k ~ s ~ a ~  

a t  l e a s t  moderately dense, all of these frequencies are izde- 

pendent of density and are fcnctions only of the electron gyro- 

frequency and the masses and relative densities of the i o n i c  

constituents 

Thus, given the ion masses (or, more accurately, mzss- 

to-charge ratios) +&e relat ive densities (A,) 02 each of the 

ionic constituents of a mocierately ciense multiple-ion plasma 

may be detercriined from a knowledge cf either a l l  the m ~ t l - t i p l e - i c r ~  

resonance frequencies - or a l l  the multiple-ion catoff frequencies, 

-25- 
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or all the cmsscwer frequencies (remer&esins t h a t  A = I):, 
j j  

If mass-to-charge ratios of the ions are not  kno:m2 they may be 

m d  cutoff frequencies m&y provide a-useFuL dizgnostic tool for 

plasmas containing mGltip3.e ion species,  such ss the earth’s 

ionosphere. 

arise  from the lower hybrid resoTp,aL”nce have been observed in 

satel l i tes  [ssice and ~rr?ft‘n, 19641. very s t r m g  s ignals ,  

apparently associated with ihe proton gyrofzequency, have a l s o  

been observed [Smith, et al, I-964], 3n adSiti.cn, propagation 

phenomena believed to arise from the l o w e r  hybrid resonance, 

a multiple ion cutoff, and a crc.ssoves: frequency have been 

found. ’2hese will be discussed in detail a t  a la ter  date. 

DISCUSSION 

The results derived ~ ~ Q V Z  have already been Ls~unci to 52 

extremely useful  in the interpretatha of rocket and szte2l i te  

VLF recordings. They also have obvious Fotential. application 

to the problem of determining the i o n i c  cpnstituents of the 

ionosphere by, for exaaFle, measuring the impedance of an 

antenna in the icnosphsre as a function of frequxxy. 

ation of ionospheric parameters indicates a desirable frequency 

range for such an insixurcienc of LO cycles to 30 kc. 

extended low frequency ranga, the eEfects associated w i t h  the 

Consider- 

With t h i s  
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Figure 3.  The :qmre of phase -J.elocit;y for three limiting 

modes as a Eunction of normalized frequency 

4 = f/fE 

and (a> hydrogen, (b) 75% hydrogen and 25s hefium, 

(c) 75% hydrogen, 2U$ helium, and ?$ cxygen. 

Phase velocity as a function of wave normal angle 

for a plasma consisting of electrons 

3igure 2. 

for frequencies \ a >  r' s l ight ly  below a cmssovex 

(35) s l i g h t l y  above a crossover (c) at whic:f., tim 

limiting modes propzgate f d j  at which one limiting 

m d c  propagates. 

Figure 3. The square of phase velocity as a functiorr of 

normalized frequency X = f/fE in the  vic in i ty  

0.f a C ~ O S S O V ~ Z  for wave normal angles between 

O* ar?d goo. 

Figure *i. (a) Guoup ve loc i ty ,  (b) phase veloc i ty ,  and 

(c) phase velocity sraxfaces as a function of 

normalized frequency = f/ZH. 
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